Based on the theory of elasticity, exact analytical and numerical solutions of piezoelectric rods under static torsion are studied. In this paper, direct solution method is used. The main scope is to check the extension of validity of assumptions in previous papers that had been made based on linear distribution of electric potential through the cross section and their influences on deflection and the angle of rotation. Stress and electric induction functions are employed to obtain the exact solution of the static and electrostatic equilibrium equations under torsional loading. It is shown that previous assumptions are valid only in some types of piezoelectric materials, while in other types these assumptions lead to considerable deviations from accurate modeling. The present analytical solutions are compared with three-dimensional finite element analysis results and absolute agreements are found. At the end of this article, torsional rigidity, shape-effects on induced piezoelectric deformation and the range of valid region for linear distribution of electric potential assumption have been studied.
Introduction
Since the Curie brothers discover the piezoelectric effect, piezoelectric materials have received wide attention and have found with attention in fields such as smart materials and microstructures. As sensors and actuators, piezoelectric materials have been widely utilized in various areas such as civil engineering, mechanical engineering, and aeronautical engineering. Crawley stated applications of piezoelectric materials for intelligent structures (Crawley, 1994) . Nowadays many vibration and control systems use them, because they are not expensive and large and also can be attached to structures very easily. To improve the reliability of actuators and sensors functionally graded piezoelectric materials (FGPM) have been proposed and manufactured (Zhu and Meng, 1995) . In recent years, analyses for piezoelectric materials that contain defects have been done. Li and Mataga (1996a,b) performed an analysis for the transient response of a semi infinite, anti-plane crack propagating in a hexagonal piezoelectric medium. Shindo et al. (1997) considered the problem of determining the singular stress and electric fields in an orthotropic piezoelectric ceramic strip containing a Griffith crack under longitudinal shear and studied the effects of crack face boundary conditions on the fracture mechanics of piezoelectric solids. Today, multi-layered piezoelectric structures have great importance in engineering. Based on one dimensional constitutive equation, some simple behaviors of symmetric or non-symmetric piezoelectric bimorph were studied (Smits and Ballato, 1994; Brissaud et al., 2003; Brissaud, 2004) . For sensing and control of flexible structures utilizing piezoelectric effect see, e.g., (Sunar and Rao, 1999) . The spatial distribution of the actuation can be realized by shaping the layer, the electrodes, or the polarization profile in the layer. An important application is the tracking of a desired distribution of displacement in a structure. The special problem in which the deformation in a structure due to external disturbances is supposed to be completely compensated has been denoted as ''shape control'' by Haftka and Adelman (1985) . Maugin and Attou (1990) and also Sene (2001) have employed an asymptotic expansion for the three-dimensional solution of the problem of thin piezoelectric plates. Based on one dimensional constitutive equation, some simple behaviors of symmetric or non-symmetric piezoelectric bimorph were studied (Smits et al., 1991) . Cantilever beam is often used to model the behavior of piezoelectric sensors and actuators. For the piezoelectric cantilevers with gradient behavior for body force and for piezoelectric materials some exact analysis were studied (Shi, 2002; Liu and Shi, 2004; Shi and Chen, 2004) , respectively. Based on Euler-Bernoulli beam theory, an analytical solution to calculate the tip deflection and blocking force of a cantilever actuator with graded elastic constant 3 when it is subjected to a transverse point load at the tip (Kruusing, 2000) . Using two-dimensional theory of elasticity and Airy stress function, closed form solutions for FGPM cantilevers with gradient in piezoelectric constant g 31 was studied (Xiang and Shi, 2008) . Saint-Venant end effects in piezoelectric materials were investigated (Ruan et al., 2000) .
Moreover, torsion of orthotropic laminated beams has been studied, e.g., Swanson (1998) , Rand and Rovenski (2005) . Torsional vibration control by means of piezoelectric actuation has been treated in (Tawaka et al., 1987) . A torsional moment is induced by piezoelectric shear actuators. Compensation of torsions in rods by piezoelectric actuation has been proposed by Zehetner (2008) . Nianga performed an analysis for boundary-layer of torsion in a piezoelectric material with symmetry of order six (Nianga, 2006) .
Although some papers have dealt with elastic behavior of piezoelectric materials under torsion (Zehetner, 2008) , these investigations are somewhat inaccurate and cause considerable inaccuracies in some types of piezoelectric materials. Approximately all of them neglect the implications of nonlinear distribution of electric potential through the cross-section and for simplicity, the electric potential through the cross-section was usually assumed to change linearly. However, these effects absolutely depend on cross-sectional properties. Moreover, it is noted that shape effects should not be fully ignored. Consequently, the aim of this work is to give an analytical solution for a single layer of piezoelectric device under torsion and applied electric field based on elasticity and electrostatics. Assuming that the torsional load and applied electric field is moderate to keep the linear behavior of piezoelectric materials, the exact behavior of piezoelectric materials under torsional loading is studied. Without any initial assumption, validity of Saint-Venant's theory of torsion is proved. Also the equilibrium differential equations subject to boundary conditions are exactly solved. The organization of the rest of this paper is as follows. Firstly the basic constitutive equations of the transversely isotropic piezoelectric materials are summarized in Section 2. In Section 3 the problem is solved for ADP (Ammonium Dihydrogen Phosphate). The same steps for PZT (Lead Zirconate Titanate) are investigated likewise in Section 4. Section 5, indicates some numerical results and complete agreements with analytical solutions. Besides, shape-effects and valid region of linear distribution of electric potential are discussed.
General 3-D elasticity and electrostatic analysis

Basic equations
For three-dimensional analysis of piezoelectric materials; constitutive equations, static and electrostatic equilibrium equations are necessary. Cartesian coordinate system (n, g, D) is defined to describe the problem where D is parallel with the axis of torsion while n and g located arbitrarily in cross section. The constitutive equations for piezoelectric materials can be expressed as 
The strain-displacement relation, electric field-electric potential relation, static and electrostatic equilibrium equations in the general case can be expressed as
where ij , r ij , E i and w are strain and stress tensors, electric vector components and electric potential distribution function through the cross section while F i and u i are body force and displacement in x i direction, respectively and q is body charge.
In Fig. 1 , D, X and C are the axis of torsion, the surface with a constant voltage and free surface, respectively. So the corresponding boundary conditions, related to foregoing surfaces, can be written as
On C :
On X :
where n i and w are components of unit outward normal vector and electric potential of the boundary surface, respectively. The static equilibrium of the cross-section leads to the following integral equations over cross sectional area, A.
And r, s are normal and shearing stresses acting through the cross section. We assume that the cross-section is far enough from the ends of the rod to neglect the effect of stress concentration. This assumption leads to two dimensional stress distribution
The foregoing equation demonstrates that stress tensor remains constant along the direction parallel to axis of torsion.
Solution procedure
In this section, a thorough analytical study will be conducted to highlight the influence of nonlinear distribution of electric potential under torsion in piezoelectric materials by using the present solution. At first, suppose the Cartesian coordinate system ngD in which D is along the axis of torsion while n and g located arbitrarily in cross section. We use Eqs. (1), (2), (4), (5) and (14) to find general form of displacement functions.
Where u n , u g and u D are displacement components in n, g and D directions, respectively and f 1 , f 2 , g 1 and g 2 are unknown functions to be found later. Also p (n) , p (g) and p (D) are in the form of p ðnÞ ðg;
where H i , i = 1, 2, . . ., 11 are constant coefficients. Up to now, the foregoing relations introduce the general form of displacement components, making stress field two dimensional, without regard to type of loading, e.g. bending, torsion, etc. From foregoing relations, it is obvious that obtaining the solution necessitates finding all unknown functions appeared in Eqs. (15)-(18). These unknowns can be categorized in two sets as follow:
Where w(n, g) is electric potential distribution function through the cross section. Then we find stress and electric displacement components in terms of unknown displacement functions and electric potential from Eqs. (1) and (2). It is simply possible to obtain r nn , s ng , r DD and r gg in terms of k 1 components, and also s ng , s gD , D n and D g , in terms of k 2 components. Besides, utilizing Eqs. (6)-(18), partial differential equations of equilibrium and electrostatic equation can be reduced and written in ngD coordinates as ðIÞ Boundary value problem @ @n r nn þ @ @g s ng ¼ 0 @ @n s ng þ @y @g r gg ¼ 0
ðIIÞ Boundary value problem @ @n s nD þ @ @g s gD ¼ 0
Two foregoing sets indicate that the sets of four differential equations (Eqs. (6) and (7) ) have been decoupled into two sets; sets (I) and (II). Since first set and corresponding boundary conditions merely depend on k 1 while the other set and its boundary conditions just depend k 2 on. As the first set and its boundary conditions are homogeneous, all of the unknown stresses are ''zero''.
Eq. (23) is employed to obtain k 1 . Additionally, rigid body motion terms have to be vanished in order to calculate the unknown coefficients of p n and p g . After finding p (n) , p (g) and k 1 , general form of u n and u g are obtained. These components of displacements show a complete agreement with Saint-Venant theory of torsion. Therefore, The projection of each section on the ng-plane rotates as a rigid body about the central axis.
In order to solve the second set, stress and induction functions u(n, g) and v(n, g) have been defined according to Table 1 . Although u(n, g) and v(n, g) satisfy the second set two compatibility relations, similar to the one in torsion of isotropic material ''r 2 u = À2Gh'', are required to be satisfied. If these two compatibility relations are solved u, v and consequently s nD and s gD will be determined. Then k 2 components can be obtained in terms of u and v derivatives. Hence, the exact solution of torsion in piezoelectric rods will be obtained by solving a set of two partial differential equations of compatibility in terms of u and v.
Boundary value problem
Where C is a constant, appeared in p (D) (n, g). In addition, by applying the definition of u and v, the boundary conditions will be changed into Boundary conditions
where n n and n g are unit outward normal vector components n in g and directions, respectively. C is determined by employing the above third boundary condition. Therefore by finding the constant C, the exact solution could be found for any arbitrary cross-section and for any type of material which has similar configuration of piezoelectric coupling and compliance matrices. This paper investigates torsion of PZTs and ADP which can be classified into two following types.
(I) Polarization and torsion axes are collinear. (II) Polarization and torsion axes are perpendicular.
Note that for both types of PZTs and ADP, all the mentioned solution procedure is the same. However, for type II of PZTs the electrostatic equation and corresponding boundary condition appear in the first set rather than the second one. The remaining steps for the procedure are still valid.
Notice that up to now all the relations and equations are obtained in Cartesian coordinate system (n, g, O. In order to utilize (x, y, z) coordinate system (z-direction is parallel with the isotropic axis of the material) a transformation from (n, g, D) to (x, y, z) coordinate system is required. As transformation laws for types (I) and
(II) are not the same, the rule of transformation from (n, g,D) to (x, y, z), are listed in Table 1 . 
Torsion in ADP
Boundary value problem for torsion of ADP
Applying the mentioned solution procedure for ADP yield Boundary value problem @ 2 @n 2 vðn; gÞ þ a 1 @ 2 @g 2 vðn; gÞ þ a 2 @ 2 @n@g uðn; gÞ ¼ 0 @ 2 @n 2 uðn; gÞ þ b 1 @ 2 @g 2 uðn; gÞ þ b 2 @ 2 @n@g vðn; gÞ þ b 3 ¼ 0
Boundary condition
where the list of coefficients, appeared in the foregoing set, are summarized in Table 1 . As explained in section ''solution procedure'' and considering the definitions of u and v and consequently k 2 , displacements and electric potential distribution can be expressed as
where u 1 , u 2 and u 3 are displacements in direction n, g and torsion axis, respectively n and is defined in Table 1 . The coefficients appeared in Eqs. (28)-(31) are shown in Table 2 . Eqs. (28) and (29) show complete agreement with Saint-Venant theory of torsion. Hence, C is the magnitude of angle of rotation per length of rod.
General solution for rectangular ADP cross-section
As shown in Fig. 2 , a single piezoelectric layer is bonded with two substrates which serve as electrodes. Practically in piezoelectric rectangular cross-sections, two parallel sides are electrodes with constant voltage and two others are free surfaces. The axis of g = y is defined perpendicular to constant voltage surface (X) while n is defined according to Table 1 . Linearity of constitutive equations of piezoelectric materials as well as static equilibrium differential equations enables us to use superposition principle (Fig. 2) . Solution for case (I) can be readily determined by using constitutive equations. Hence, only case (II) will be investigated. In other words, the main problem reduces to find exact solution for torsion of a piezoelectric rectangular cross-section with two zero-voltage electrodes as shown in Fig. 3 .
In order to determine the stress and induction functions, boundary conditions are considered as uðn; AEhÞ ¼ 0 And the boundary conditions change to u Ã ðn; AEhÞ ¼ 0
vðAEb; yÞ ¼ 0
@x @y
Defining u Ã n and v n as below, Eqs. (40) and (43) 
Substituting Eqs. (44) and (45) into Eqs. (38) and (39), two roots for l and k are readily obtained as below
By selecting two roots of k and l; u Ã n and v n can be written as a sum of two components which yields u Ã n ðn; yÞ ¼ A n cos n þ 1 2
In order to satisfy two other boundary conditions (41) and (42) (52) and (53) into (41) and (42) and then using expansion of Fourier series for I(y), result in A n ¼ l 2 x n sin hðk 2 h n Þ l 2 sin hðk 2 h n Þ cos hðk 1 h n Þ À l 1 sin hðk 1 h n Þ cos hðk 2 h n Þ ð54Þ B n ¼ l 1 x n sin hðk 1 h n Þ l 1 sin hðk 1 h n Þ cos hðk 1 h n Þ À l 2 sin hðk 2 h n Þ cos hðk 1 h n Þ ð55Þ where A n and B n are Fourier coefficients of u * and v and:
Therefore, u(n,y) and v(n, y) can be readily determined as
vðn; yÞ ¼
where l 1 , l 2 , A n , B n , k 1 and k 2 can be obtained using Eqs. (46)-(48), (49), (55), (56). All other cases can be subsequently determined using the formulas derived in Section 4.
Torsion in PZTs
Applying solution procedure explained in Section 3 for PZTs, simplifies Eq. (24) as @ 2 @n 2 uðn; yÞ þ k 1 @ 2 @y 2 uðn; yÞ þ k 2 ¼ 0 ð59Þ @ 2 @n 2 pðn; yÞ þ k 3 @ 2 @y 2 pðn; yÞþ ¼ 0
The definition of u and p as well as coefficient values are listed in Table 3 .
As it can be seen from Eqs. (59) and (60), mechanical and electrical behaviors of PZTs are decoupled. In order to satisfy the boundary conditions and Eq. (60), the function p(n, y) has to be zero for both types. So a PZT-layer behaves like a transversely isotropic material and therefore stress function can be determined using Saint-Venant theory of torsion for transversely isotropic materials.
Hence, according to Fig. 3 À @u @x ¼ syz @u @y ¼ sxz
And C can be determined using Eq. (64)
Also d and # are listed in Table 4 .
Numerical results and analytical discussion
In this section, a comprehensive parametric study will be conducted to highlight the influence of piezoelectric effects and geometry on the static torsional behavior of the actuator or sensor by using the present solution. A three-dimensional finite element analysis for ADP has been conducted to compare with analytical results. Comsol Multi-physics has been used for quasi-static analysis of torsion of piezoelectric rods. At first, a computer modeling is created within the Comsol Multi-physics pre-processor. For 3-D modeling, model navigator > structural mechanics module > piezoelectric effectsis employed. Material and geometrical properties for a prism with a rectangular cross section made up of ADP are assumed as: L = 1 m, b = 0.1 m, h = 0.05 m, T = 100 N m. Some material properties of ADP are shown in Table 5 . For applying mechanical constraints to a three-dimensional prism with a rectangular cross section, a clamped end is selected for one of the surfaces whereas the remaining ones are free from stress. For electric boundary conditions, both top and the opposite side's boundary surfaces are selected to act as the ground (w = 0) whereas zero-charge type of electric boundary condition is chosen for the remaining sides. In order to produce a torsional moment, a couple of concentrated shearing forces are exerted on free end of rod. Lagrangian quadratic element is applied to the model. The number of elements is 8000 while degree of freedom for the model is 278964. According to Saint-Venant principle, it is essential that the cross section be far from loading points. Thus, to reach such a valid region shear stresses and warping distribution along the axis of rod (D) have been plotted. In these plots the region in which shear stresses and warping are independent of D is considered. This region is valid for choosing the cross section, compatible with Saint-Venant principle. Hence, the middle of this region is selected for analysis.
The results of shearing stresses and electric field components for numerical and analytical solutions are compared for two orientations of polarization axis in relation to torsion axis. Figs. 4-11 indicate that numerical solution agrees absolutely with analytical one. Figs. 4 and 5 show the variations of shear stresses through the cross section for type (I). It is observed that the maximum value of stress located at the middle of the cross section.
Similarly, the variations of shear stresses are plotted as a function of D in Figs. 6 and 7 for type (II). Figs. 8 and 9 show the variation of electric field components through the cross section for type (I). The results in Figs. 8 and 9 also suggest that the electric field does not have linear electric potential distribution. Similarly, the variations of electric field components are plotted as a function of D in Figs. 10 and 11 . Now, static behavior and piezoelectricity effects under torsion can be investigated from analytical results and effective geometrical parameters are discussed.
In order to investigate the influences of piezoelectric properties, except for the main problem a virtual case will be investigated. In such a virtual case, the cross section is under the same torsion and either the piezoelectric properties are assumed to be zero or the electric field is negligible so that the rod behaves as a simple transversely isotropic material. Modifying Eq. (1) simplifies the constitutive equation into
where, Q À1 is equal to ADP's matrix of effective elastic compliance. In other words, its constitutive equation is as ADP's but the second term {d T E} equals to zero either all the components of piezoelectric coupling matrix equal to zero (d ij = 0) or the applied electric field is negligible under certain loadings, geometrical conditions and electric potential distribution. That is, comparing the main problem with such a virtual case leads to understand the effects of piezoelectricity and validity of linear distribution of electric potential, has been assumed in previous studies (Zehetner, 2008) . Therefore, difference between the angles of rotation of main and virtual cases can be defined as 
where h total is the rotation of cross-section in the main problem and h virtual is the rotation of the rod in virtual case. Hence, h piezo represents the torsional effect of piezoelectricity as well as difference between the influence of exact and linear distribution assumption on angle of rotation. Also torsional rigidity for piezoelectric materials as a dimensionless parameter can be defined as below
Similarly, under equal rotations in two cases, T piezo is defined as below
where T total and T virtual are the exerted torsion to the main and virtual cases, respectively that cause the same rotation. Therefore, T piezo shows the value of induced moment caused by piezoelectric effects and also by nonlinear distribution of electric potential. Employing classical studies for torsion of transversely isotropic materials, . This implies that torsional rigidity of ADP is higher than that in two cases: (1) without considering piezoelectric effects and (2) linear assumption of electric potential distribution. To explore this further, the variation h piezo h total is plotted as a function of in Figs. 12 and 13 . In other words, piezoelectricity induces nonlinear electric field in order to reduce the angle of rotation. This is the major difference between piezoelectric and other transversely isotropic materials without piezoelectric properties. To further investigate the influence of material gradient Figs. 16 and 17 show variations of R piezo and R virtual versus j.
The results also indicate that the minimum effects of piezoelectricity and nonlinear distribution of electric potential occurs in a Fig. 11 . Z-component of electric field for a cross-section at y = 0, type II. 
cross-section with b
h % 1:25. Increasing the ratio of b h lead to a kind of saturation state for the cross-section. Consequently the variations of torsional rigidity approach to zero. It is obvious that when the ratio of b h approaches to zero the ratio of T piezo T total , illustrated in Figs. 14 and 15 , moves towards 1. This is further clear by referring to Figs. 18 and 19 . These figures show maximum electric potential induced due to torsional loading. As ratio of b h increases maximum induced electric potential decreases. This is the main reason for decline of piezoelectric effects and influence of nonlinear distribution of electric potential over deformation.
Conclusions
Based on the theory of elasticity, three dimensional analyses for static torsional deformation of ADP and PZTs are presented. A new methodology has been established to obtain the exact solution of the static torsion of piezoelectric materials with arbitrary crosssection. Although Saint-Venant's theory of torsion has not been employed, the results show a complete agreement with the theory. Stress and induction functions were defined to reduce and simplify the problem into a set of two differential equations in order to facilitate the exact and accurate modeling of piezoelectric devices under torsional loading. It should be noted that the present solution can also be used for analyzing materials with similar piezoelectric coupling matrix and compliance matrices configuration. Also the problem has been solved for rectangular crosssections for both parallel and perpendicular orientations of axis of torsion in relation to the polarization axis. Exact distribution of electric potential for an arbitrary rectangular cross-section as well as valid region for the linear distribution on a rectangular cross-section has been found. It has been shown that for both orientations in ADP, electric potential has nonlinear distribution through the cross-section. It has been found that for perpendicular orientation, piezoelectricity and consideration of nonlinear distribution of electric potential through the cross-section change the deformation about 8%. However, this effect increases to 12% if the electrodes are installed on smaller sides of the laminated cross-section. For parallel orientation, exact distribution of electric potential affects the deformation about 0.2% and therefore the previous studies approximately agrees with current analysis. On the other hand, it has been shown that distribution of electric potential through the cross-section for PZTs is linear. Another effect of piezoelectric properties, has been conducted in the study, is its influence on torsional rigidity of the cross-section. It has been clearly observed from the figures that rectangular piezoelectric crosssection has higher torsional rigidity in comparison to the same cross-section either without piezoelectric effects or with linear distribution for electric potential. In addition, shape effects on the torsional rigidity, piezoelectricity and deformation have been studied. At last a three-dimensional finite element analysis has been conducted, which indicates absolute agreement with analytical solution.
